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ABSTRACT: Plasmonic devices designed in three dimensions enable careful
tuning of optical responses for control of complex electromagnetic interactions
on the nanoscale. Probing the fundamental characteristics of the constituent
nanoparticle building blocks is, however, often constrained by diffraction-
limited spatial resolution in optical spectroscopy. Electron microscopy
techniques, including electron energy loss spectroscopy (EELS), have recently
been developed to image surface plasmon resonances qualitatively at the
nanoscale in three dimensions using tomographic reconstruction techniques.
Here, we present an experimental realization of a distinct method that uses
direct analysis of modal surface charge distributions to reconstruct quantitatively the three-dimensional eigenmodes of a silver
right bipyramid on a metal oxide substrate. This eigenmode tomography removes ambiguity in two-dimensional imaging of
spatially localized plasmonic resonances, reveals substrate-induced mode degeneracy breaking in the bipyramid, and enables
EELS for the analysis not of a particular electron-induced response but of the underlying geometric modes characteristic of
particle surface plasmons.
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Single particle surface plasmon resonances have been thefocus of intense investigation for an increasingly broad
range of applications from biological and chemical sensing1,2 to
waveguiding and metamaterials3 to solar energy conversion and
storage.4 Such single-particle plasmonic behavior forms the
basis for coupled5 and periodic systems where individual
particle resonances combine according to principles of mode
hybridization.6 Studies of plasmonic metal nanocubes,7−9
triangular prisms,10 and nanorods11 have constituted the
prototypical cases for identifying principles of plasmonic
mode structure, substrate and interparticle coupling effects,
and refractive index sensitivity. Diverse 3D nanocrystal
morphologies have been reported including decahedra,12,13
octahedra,13 and right bipyramids,14,15 but few comprehensive
analyses of the available multipolar modes have been
performed.12 These particles offer specific control over spatially
localized excitations due to the reduced symmetry of their
geometries and are competitive candidates for optimized
sensing16 and solar energy applications.17
Understanding the relationship between nanoparticle geom-
etry and plasmonic response has been augmented by significant
electron microscopy advances in the subdiffraction-limited
investigation of plasmonic nanoparticles by correlative optical
microscopy,13 tomography of particle morphology,18,19 and
monochromated EELS of both optically “bright” and “dark”
resonances.10,11 For quasi-two-dimensional nanoparticles, the
EELS signal is related to a localized density of states (LDOS).20
However, the LDOS interpretation of EELS cannot be
generalized for arbitrary geometries, although in the quasi-
static approximation an EELS map bears resemblance to the
potential in the vicinity of the nanoparticle.21−23 Moreover,
EELS observations across a range of specimen tilt angles are
increasingly necessary for unambiguous measurement of
plasmon resonances in single particles22,24−26 and multiparticle
devices.27 Here, surface charge tomography of low-symmetry
silver bipyramids on MoO3, a 2D semiconductor and sensor
material and a common solar cell component,17 serves as a
model analysis for experimental 3D measurement of the optical
response characteristics of arbitrary geometries in realistic
plasmonic technologies.
The principles of surface charge tomography of plasmonic
eigenmodes rely on the quasi-static formulation for the energy
loss probability ΓEELS given as a sum over eigenmodes:23,28
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where the integral is over the surface differential ds, ϕR0(s) is
the potential of the exciting electron traveling along a trajectory
defined in the plane perpendicular to the trajectory by the
coordinate R0, σk(s) is the surface charge along the surface s,
and Ak(ω) is a frequency-dependent coefficient for eigenmode
k. The quasi-static approximation applies strictly only in the
small-particle limit, as a complete electrodynamic description
(i.e., with retardation effects) includes surface currents in
addition to surface charges. However, the surface plasmon
response is well described by the surface charge eigenmodes
even for particle sizes exhibiting noticeable retardation effects
(see Figure S5), and near-field behavior is quantitatively similar
for the quasi-static and fully retarded cases for particles up to 50
nm in size (Figure S6).
For a particular trajectory and corresponding pixel in the
spectrum image n, a cost function minimization problem can be
defined as
σ σ σ̂ = ∥Γ ̂ − Γ ̂ ∥
σ ̂
arg min{ ( ) ( ) }n n
exp calc
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2
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to identify the surface charge vector σ̂ that minimizes the 2-
norm of the difference between experimental and calculated
loss probabilities at fixed ω at the resonant frequency of a single
mode k. The subscript notation in eq 2 refers to the 2-norm,
defined as ∥x ̂∥2 = (∑i| xi|2)1/2 for any vector x ̂ with elements xi.
Notably, eq 1 is correct for nonpenetrating trajectories only.
Experimental realization poses significant challenges particularly
in separating intrinsically overlapping or experimentally
unresolved spectral peaks, accurately defining the experimental
particle surface, and in recording signals of sufficient quality and
self-consistency throughout the data-acquisition time. Progress
in applying multivariate decomposition approaches such as
non-negative matrix factorization (NMF)22 and electron
tomography techniques using compressed sensing29 enables
modal peak separation and high-quality surface reconstructions
from limited tilt-series data sets. Contamination by carbon
deposition under the electron beam, however, presents an
intrinsic limitation to the acquisition time of an EELS data set22
and must be balanced with electron dose to maximize the
signal-to-noise while minimizing beam exposure.
NMF decomposition and other multivariate analysis methods
for separating multiple overlapping spectral components
(spectral unmixing) have recently been applied to a number
of examples in scanning transmission electron microscopy
(STEM) EELS of particle surface plasmons,22,30−33 but their
use as input for a tomographic reconstruction of single particle
plasmon modes merits a brief explanation. As given in eq 2, the
tomographic problem requires input as a spatial probability
map corresponding to a single plasmon mode. NMF
decomposition separates experimental data into spectral
components and associated intensity maps. The spectral
components are often imperfect separations, although typically
dominated by a single spectral feature. Moreover, the extent of
imperfect separation is given by the residual spectral features
away from the dominant peak feature. For a single plasmon
mode k in eq 1, the eigenmode and its associated surface charge
distribution is a purely geometric mode,34 separable from the
spectral energy dependence. The spatial intensity map becomes
directly physically interpretable in this case. Experimentally,
provided the spectral component can be identified with a
particular dominant eigenmode or set of modes, the tomo-
graphic approach serves to reconstruct the energy-independent
geometric eigen-charge distribution from the spatial intensity
maps with minimal effects due to the residual spectral mixing.
Alternative approaches such as integrating over an energy
window or fitting peaks could also be used to extract spatial
intensity maps for input to surface charge reconstructions.
While many methods introduce some bias (e.g., NMF requires
the selection of an energy range for processing), integrating
over an energy window or fitting peaks may incorporate
undesirable bias in selecting the energy of the peak and
choosing the number of peaks and may make assumptions
about the shapes of the background and surface plasmon
spectral signatures. Peak fitting approaches in principle enable
Figure 1. Plan-view EELS spectrum imaging of a silver right bipyramid. (a) Non-negative matrix factorization (NMF) of EELS for a selected area
(blue square, inset). The decomposition is shown for a 4.3 nm × 4.3 nm (9 pixel × 9 pixel) region. Blue dots represent the summed raw spectra, the
black line is the sum of all decomposition components, the gray line corresponds to the spectral signature of the zero loss peak (ZLP), and each of
the remaining components corresponds to a spatial map that exhibits a dominant contribution matching a surface plasmon mode of the bipyramid
(α−ε), the bulk plasmon (ζ), or the MoO3 substrate band edge (η). (b) NMF component maps (Exp.) and simulated energy loss probability maps
(Sim.). Intensities are plotted on a normalized scale for each map. Subscripts on β denote fully resolved peaks in simulated spectra represented in the
single experimental NMF component β. Energies refer to peak maxima in the respective experimental and simulated spectra. Scale bars are 25 nm.
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energy shifts in spectral peak positions to be recorded for well-
known peak shapes. Such assumptions are complicated by the
experimental spectral convolution with the poorly defined line
shape associated with the initial spread of electron energies in
the STEM probe, the zero loss peak (ZLP). Residual mixing in
energy filtering or imperfect peak fitting will also be obscured in
such approaches. Provided that NMF intensity maps are
dominated by an identifiable number of individual surface
plasmon modes, verifiable by comparison with simulations, the
maps represent valid input for the tomographic reconstruction.
The reconstruction will in turn be a quantitative representation
of the dominant mode with an associated experimental
uncertainty due to imperfect unmixing, noise, and other limits
on precision.
Figure 1 presents an EELS analysis of a plan-view silver right
bipyramid that highlights many of these key issues in 2D
spectrum imaging. The experimental data set was well
described by decomposition into five surface plasmon features
(α−ε), the ZLP tail, the silver bulk plasmon (ζ), and the MoO3
band edge (η) (see Figure S3). The β component, however,
comprised two combined peaks in the spectral decomposition
(Figure 1a). Boundary element method (BEM) simulations of
the energy loss probability for an ideal bipyramid on a dielectric
substrate (n = 2.54) revealed two peaks for the β component
with maps exhibiting similar spatial intensity at the 90° corner
of the plan-view bipyramid. NMF struggles to separate features
when they exhibit such spectral and spatial similarity.
Inspection of the unprocessed spectra along key trajectories
supported the NMF decomposition and analysis of the β1 and
β2 features (Figures S2, S5−S7). Retardation effects do not
appear to signficantly affect the spectra for bipyramids of this
size, resulting in a small red-shift in mode energies (Figure S5)
Figure 2. Electron tomography and tilt-series EELS of the surface plasmon modes of a silver right bipyramid on a MoO3 substrate. (a) Surface
representation of a compressed sensing electron tomography (CS-ET) reconstruction from tilt-series high angle annular dark field (HAADF) STEM.
Insets show the 0° tilt HAADF micrograph and a plan-view perspective of the right bipyramid. The inset scale bar is 25 nm. (b) Surface mesh
derived from the CS-ET reconstruction used for simulations in (e). (c) Spectral NMF decomposition factors for tilt-series EELS spectrum imaging
corresponding to surface plasmon mode excitations of the bipyramid. Dashed vertical lines serve as a guide to the surface plasmon mode resonance
energies. (d) HAADF micrographs at tilts recorded simultaneously with the EELS spectrum imaging. (e) Experimental NMF component maps and
simulated loss probability maps at the corresponding tilt angles. Intensities are plotted on a normalized scale within each column. Greek letters
denote spectral features and associated modal components as in Figure 1.
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but negligible changes in the induced electric fields at the
particle surface (Figure S6). The substrate likewise induces a
shift in mode energies to lower energies relative to an isolated
bipyramid but does not modify the number or character of the
modes (Figure S7).
Since there are two corners aligned in projection at the 90°
corner, the 3D localization of the source of the observed EELS
signals remains ambiguous when only 2D data are considered.
The simulated maps otherwise corresponded closely to the
experimental decomposition maps. Imperfect separation of
peaks by NMF appeared as small residual satellite peaks and an
inflection in the ZLP tail near 1.4 eV, but these minor artifacts
did not modify component maps significantly. Compared to
simulations, the energies of experimental peaks were lower by
0.2−0.4 eV, a red-shift attributed to uncertainty in the substrate
thickness and dielectric function and the local dielectric
environment around the silver particle due to surfactant ligands
or contamination. Additionally, the signal inside the particle
was relatively weak due to the minimum dose beam conditions
prioritizing nonpenetrating trajectories used experimentally.
Plan-view EELS of another bipyramid is presented in Figure S4.
For 3D surface charge reconstructions using eq 1, truly
nonpenetrating trajectories were obtained using an alternative
cross-sectional sample orientation, shown in Figure 2 (inset).
MoO3 crystals were specifically selected for tomographic
reconstruction purposes to enable the acquisition of EELS at
trajectories passing through vacuum in accordance with the
assumptions underpinning eq 1. Figure 2 presents a high angle
annular dark field (HAADF) STEM tomography reconstruc-
tion of the surface of this silver bipyramid, the corresponding
surface mesh generated for BEM simulations and surface charge
reconstructions (Figure S8 presents simulated spectra), and the
results of NMF decomposition including the spectral
components, corresponding HAADF micrographs, and exper-
imental NMF component and simulated loss probability maps.
Figure 3 presents an overview of the processing steps involved
for tomographic reconstruction (see also Methods). In brief,
the presented method can be subdivided into acquisition,
preprocessing, and reconstruction steps. The NMF decom-
position presented in Figure 2 represents the EELS input for
reconstruction. Throughout this multistep processing scheme, a
number of alternative methods for intermediate steps might be
considered, and several of these are emphasized in Figure 3,
where the selected methods for analyzing the bipyramid are
highlighted.
Spectrum images were acquired at high positive tilt angles to
maximize the nonpenetrating trajectories available for recon-
struction. Due to the buildup of carbon contamination, the first
five spectrum images acquired were selected for EELS analysis
(0°, 65°, 56°, 47°, and 38°). Spectrum images acquired at
subsequent tilt angles exhibited significantly reduced signal
across all modes and were therefore excluded from the analysis.
Five NMF components were identified to describe the tilt-
series EELS, and these components exhibited good corre-
spondence with the six simulated features with the β2 and γ
spectral features unseparated by NMF (see Figure S11).
Components were also extracted corresponding to the ZLP,
bulk plasmon, and substrate components and a contamination-
induced peak shift in the α component (Figures S12 and S13).
For the α component the total signal was reduced at the first
and final tilt angles due to this peak shift and damping resulting
from carbon contamination. The associated spectral signature
also shows a nonzero background intensity across a wide
spectral range, attributed to difficulties in extracting the
relatively weak, damped signal localized predominantly in the
substrate. The spectral component background varies slowly
and consequently does not contribute sharp features to the
recovered NMF map (Figure 2e). The asymmetric intensity at
the two substrate-bound corners was preserved at high tilt,
suggesting the NMF component map captures the experimental
signal recovered for the mode expected from simulation. For
the β2 + γ component, the angle-dependent intensity for each
of the two “antinodes” reproduced the intensities in the
simulated maps, confirming the NMF component is a sum of
the β2 and γ signatures. The greater spatial confinement for the
β2 signal suggests it is a higher order multipolar mode relative
to β1 and explains why the β1 and β2 signatures are separated by
NMF when tilted away from the plan-view orientation. By
comparing experimental and simulated signals for the particular
tomographically reconstructed particle surface, these measure-
ments present a complete mode analysis of a low-symmetry
nanoparticle.
The origin of the spectral features observed in simulated and
experimental maps can be understood in terms of the
eigenmodes of an isolated right bipyramid depicted in Figure
4 (see Figure S14 for all eigenmode energies). Although these
eigenmodes are defined in the quasi-static approximation, they
provide a meaningful, physical description of the geometric
modes underlying the optical response of the bipyramid. These
modes can be categorized as corner, edge, and face modes
according to the spectral and spatially mapped features
observed in Figures 1 and 2. The corner modes are each
identifiable as components α, β1, β2, and γ. The corner modes
correspond to a doubly degenerate set of dipoles (E′(x, y), (α,
Figure 3. Summary of key processing steps in eigenmode tomography.
Italics highlight the selected methods where alternatives might be
considered.
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Figure 4. Surface charge distributions for principal eigenmodes of an isolated silver right bipyramid. (a) Corner modes corresponding to features α,
β1, β2, and γ. (b) Lowest order multipolar modes in the series contributing to the edge mode feature δ. (c) Lowest order multipolar modes in the
series contributing to the face mode feature ε. For each eigenmode, one orientation along the C3(z) axis of the bipyramid (left) and one
perpendicular orientation (right) are shown corresponding to the indicated coordinate axes in (a). Symmetry labels are given in the D3h point group,
and brackets highlight degenerate pairs. Colors are shown on a normalized scale as shown. Eigenmode energies in the extended δ and ε series are
plotted in Figure S14.
Figure 5. Corner eigenmodes and corresponding surface charge reconstructions for a silver right bipyramid on a MoO3 dielectric substrate. (a, b)
For each eigenmode, one orientation along the C3 (z) axis of the bipyramid (a) and one perpendicular orientation (b) are shown corresponding to
the indicated coordinate axes. The color scale is normalized for each mode. Greek letters refer to the corresponding spectral features as in Figures 1
and 2. Symmetry labels are given for an isolated bipyramd (D3h point group).
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β1)) in the equatorial plane of the bipyramid perpendicular to
the 3-fold rotation axis C3(z), an axial quadrupole (A1′(z2), β2),
and an axial dipole (A2″(z), γ). As a consequence of substrate-
induced symmetry breaking9 in the experimental geometry, the
equatorial dipole mode degeneracy is lifted and the x and y
equatorial dipoles appear at different energies (α and β1). The
edge and face modes each comprise a series of higher order
multipolar resonances, but each series is captured by a single
spectral signature, δ and ε, respectively. Consequently, for the
edge and face modes only the dominant contributions in the
multipolar series can be recovered by reconstruction (see
Figures S17−S20).
Figure 5 presents surface charge reconstructions of the
corner modes, the principal dipolar and quadrupolar eigenm-
odes of interest for photonic applications. The surface charge
units are plotted on a normalized scale due to the arbitrary
scaling of NMF maps (see also Supporting Information). Due
to the different local dielectric environment in the first and four
subsequent tilts (Figure 2), only the four self-consistent maps
from the NMF decomposition at 65−38° were employed for
the reconstructions in Figure 5. In order to identify physical
reconstructions in the context of experimental noise, eq 2 was
modified to incorporate prior knowledge of the sparsity of
eigenmode surface charge vectors in the form of a further
regularization term (see Methods). This soft thresholding
regularization term was tailored to reconstructions with highly
localized surface charges, as in the case of the corner modes of
the bipyramid. The reconstructions were further validated by
examining recalculated EELS maps and residual differences
between experimental maps and maps calculated from the
reconstructed surface charge distributions (Figures S15 and
S16).These calculations illustrate the role of precise image
registration (see Figure 3), as residual differences are found
predominantly in single-pixel discrepancies between the
reconstructed surface and experimental EELS maps. The
reconstruction algorithm was further tested in phantom
calculations to demonstrate the significance of a reasonable
initialization of the reconstruction (Figures S21−S23).
Complementary charges can be seen in the substrate,
particularly for the α and β1 reconstructions. The substrate
charges far from the bipyramid for the α and β2 components
derive from the signal observed at the substrate−vacuum
boundary in the tilt-series maps (Figure 2). The 3D surface
charge reconstructions reveal that the x-dipole, localized
predominantly in the substrate, occurs at lower energy than
the y-dipole, with surface charge concentrated at the equatorial
corner in vacuum. The EELS spectra and maps in Figure 2,
clarified by the reconstructions in Figure 5, offer direct
experimental evidence of this substrate-induced degeneracy
breaking in the bipyramid.
We have established a practical tomographic method to
reconstruct the 3D surface charge distributions of fundamental
particle eigenmodes with nanometre spatial resolution.
Analogous formulations to eq 1 for cathodoluminescence
signals35 suggest similar quantitative reconstruction methods
are possible for electron-induced radiative emissions. Eigen-
mode tomography enables a precise optical analysis of single
particles, particle ensembles, and plasmonic devices and offers a
bridge between electron beam and near-field and far-field
optical spectroscopy.
■ METHODS
Sample Preparation. Silver bipyramids were synthesized
following a previously published synthesis.36 In brief, a polyol
reduction of silver nitrate (AgNO3) was performed in ethylene
glycol in the presence of poly(vinylpyrrolidone) and a small
amount of sodium hydrosulfide (NaHS) under argon
atmosphere. The reaction mixture was filtered to remove
long rods, leaving cubes and bipyramids. Transmission electron
microscope samples were prepared by depositing drops of silver
nanoparticle solution on MoO3 crystals dispersed on lacey
carbon TEM grids (Agar Scientific).
Data Acquisition. STEM-EELS data were acquired using
the FEI Titan 50-300 PICO equipped with an X-FEG electron
gun and a Wien filter monochromator and operated at 300 kV.
The beam convergence semiangle was 21.4 mrad. EELS spectra
were acquired on a Gatan GIF Quantum ERS energy loss
spectrometer with a dispersion of 0.005 eV per channel using a
260 × 2048 section of a 2048 × 2048 pixel charge-coupled
device camera with a vertical binning of 1 × 130. A 2.5 mm
entrance aperture was selected for optimal energy resolution,
resulting in a collection semiangle of 16.8 mrad with the
selected camera length of 37 mm. The energy resolution (full
width at half maximum of the ZLP) of the EELS spectra was 90
meV. For plan-view spectrum imaging, a dwell time of 0.15 ms
per pixel was used. For tilt-series spectrum imaging a dwell time
of 0.1 ms per pixel was used.
For tilt-series EELS, spectrum images were acquired
simultaneously with HAADF micrographs in a tilt series from
68° to −67° in 3° increments for electron tomography of the
particle surface and in 9° increments for EELS.
Spectral Processing. Spectral processing was performed
using HYPERSPY,37 an open-source software coded in Python.
An initial coarse alignment of the ZLP was performed, shifting
the maximum intensity channel to zero, in order to define a
reduced energy range and minimize the number of channels
considered in subsequent processing. Then, spikes due to X-
rays on the charge-coupled device detector were removed using
a routine that automatically identified outlying high-intensity
pixels and performed interpolation in the spectral region after
removal of the spike. Spectra were subsequently aligned to the
ZLP and cropped to the spectral region of interest (0.8 to 5
eV). For tilt-series data, the ZLP coarse alignment was retained
and a subpixel alignment was performed only after concate-
nation of the tilt-series image stack in order to avoid multiple
sequential subpixel interpolation steps. NMF decomposition
was performed on plan-view and tilt-series spectrum images as
reported previously.22 NMF decomposition required a distinct
component for the first pristine tilt (0°) for the lowest energy
mode, attributed to a shift in the energy of the lowest energy
resonance mode following acquisition of the first map and
concomitant electron-beam-induced carbon contamination (see
Figure S13). For surface charge reconstructions, the selected
nonpenetrating trajectories were divided by the ZLP signal
pixel-by-pixel to account for variation in the ZLP across the
spectrum image (see also Supporting Information).
Surface Charge Reconstructions. The theoretical foun-
dation and numerical demonstration of eigenmode surface
charge reconstructions was reported by Hörl et al.23 The
reconstructions presented here used the nonlinear conjugate-
gradient solver available in the open-source software SCIPY. In
order to promote parsimonious solutions to the optimization
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problem, eq 2 was modified with the addition of a
regularization term to give
σ σ σ λ σ̂ = ∥Γ ̂ − Γ ̂ ∥ + ∥ ̂ ∥
σ ̂
Farg min{ ( ) ( ) ( ) }n n
exp calc
2
2
2
2
(3)
where λ is a weighting factor and F(σ̂) is an additional penalty
term operating on the surface charge vector σ̂.38 In the case of
corner modes, a few surface elements are highly charged and
the remainder are near zero charge. As such, F(σ̂) was selected
as a soft thresholding operator to promote solutions of this
kind:
∑σ σ∥ ̂ ∥ = γ σ− | |F( ) e
s
s2
2 2 s
(4)
Only large charge density values are promoted in the solution
by the regularization term (Figure S1), and so the total
minimization scheme (eq 3) finds solutions consistent with the
experimental data that also exhibit high surface charge values.
Regularization parameters were selected by examining the
effects of the weighting factors across a range of values to
identify the minimum weighting required to remove spurious
high-frequency surface charge oscillations from the reconstruc-
tions.
To implement the reconstruction procedure, a surface mesh
of the particle was first reconstructed from HAADF electron
tomography data using a compressed sensing reconstruction
algorithm.29 The volume was segmented, and a surface was
extracted and meshed in AVIZO FIRE (FEI). A coordinate
alignment was performed in MATLAB (Mathworks) using
coordinate transformation and image registration routines.
Reconstructions were initialized using the isolated particle
eigenmodes calculated on the tomographically reconstructed
particle surface. The use of simulated eigenmodes for the
initialization of the reconstruction algorithm was noted to have
a significant effect on the final reconstruction in phantom
calculations comparing random and simulated initializations
(see Figures S21−S23). The effect of contamination as a
function of tilt was examined by comparison of simulated and
experimental maps (see also Supporting Information). Addi-
tional validations of the presented reconstructions and method
are presented in Figures S15−S23.
BEM Simulations. BEM simulations were performed using
the open-source MNPBEM software.39 The silver dielectric
function was taken from ref 40. The MoO3 refractive index was
taken as 2.54 from ref 41. To model the effect of partial
contamination resulting in red-shifted mode energies, an
additional ambient dielectric constant of 1.5 was incorporated
into simulations of the tomographically reconstructed bipyr-
amid used for tilt-series EELS. For the simulations in Figure 1,
the substrate was modeled as a 10 nm thick circular disk of 70
nm radius. An isolated bipyramid mesh was generated for initial
BEM simulations of energy loss spectra (Figure S5). The mesh
used for simulations in Figure 1 consisted of a total of 8011
surface elements with 2389 surface elements for the bipyramid
surface (Figure S10). The mesh used for simulations in Figure
2 consisted of a total of 6000 surface elements with 2552
surface elements for the bipyramid surface (Figure S10) . The
mesh used for eigenmode calculations of an isolated bipyramid
presented in Figure 4 consisted of 6000 surface elements for
the bipyramid surface (Figure S9).
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